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Abstract Many distinguished properties of epitaxial ferroelectric thin ﬁlms can be tunable through
the misﬁt strain. The strain tunability of ferroelectric and dielectric properties in epitaxial lead
titanate ultrathin ﬁlms is numerically investigated by using a phase ﬁeld model, in which the surface
eﬀect of polarization is taken into account. The response of polarization to the applied electric ﬁeld
in the thickness direction is examined with diﬀerent misﬁt strains at room temperature. It is found
that a compressive misﬁt strain increases the coercive ﬁeld and the remanent polarization while a
tensile misﬁt strain decreases both of them. The nonlinear dielectric constants of the thin ﬁlms with
tensile misﬁt strains are much larger than those of the thin ﬁlms without misﬁt strains, which are
attributed to the existence of the a/c/a/c multiple domains in the thin ﬁlms under tensile misﬁt
strains. c© 2011 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1101103]
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With the great progress in the epitaxial growth of
thin ﬁlm on substrates, epitaxial ferroelectric thin ﬁlms
such as epitaxial Pb(Zr1-xTix)O3 thin ﬁlms have found
wide applications in the new generation of dynamic ran-
dom access memories, tunable microwave devices and
electro-optic devices.[1–3] The lattices of unit cells for
ferroelectric thin ﬁlms and substrates usually do not
match in size during epitaxial growth. Therefore, mis-
match strains or misﬁt strains in the thin ﬁlm and sub-
strate systems can exist. The misﬁt strains between thin
ﬁlms and substrates will induce large stresses, which
may generate dislocations in the thin ﬁlm and should
be prohibited. However misﬁt strains also provide op-
portunities to tune the physical properties of thin ﬁlms,
so-called strain engineering. For example, the misﬁt
strain between a ferroelectric thin ﬁlm and its sub-
strate can be used to alter the equilibrium polarization
states, shift the phase transition temperature, change
the phase transition order, and induce an additional
surface polarization.[4,5] A full understanding of the re-
lation between misﬁt strains and the material proper-
ties will give guidelines on how to control the material
properties with diﬀerent misﬁt strains, which might be
crucial for the application of ferroelectric thin ﬁlms.
Remarkable progress has been achieved in the theo-
retical studies of misﬁt strain eﬀect in ferroelectric thin
ﬁlms based on nonlinear thermodynamics theories. For
example, the misﬁt strain-misﬁt strain and misﬁt strain-
temperature phase diagrams for single-domain ferro-
electric thin ﬁlms have been extensively constructed
through the Landau–Devonshire model and Legendre
transformation.[5–10] However, the single domain as-
sumption in the Landau–Devonshire model has limita-
tions for ferroelectric thin ﬁlms with multiple domains,
which are very common in real ferroelectric thin ﬁlms.
To describe multi-domain states in ferroelectric thin
ﬁlms, the domain wall energy should be included in the
framework of thermodynamics. The phase ﬁeld model
incorporating both the homogeneous bulk thermody-
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namics and inhomogeneous interface thermodynamics
has been widely employed to study the materials sys-
tems with multiply phases.[11,12] In general, ferroelec-
tric materials with multiple domains could be regarded
as multiphase systems, for which the phase ﬁeld model
is applicable. In the literature, there are several phase
ﬁeld simulations on strain eﬀects in ferroelectric multi-
domain materials,[13–15] but in these simulations, the
intrinsic surface eﬀect of polarization is not taken into
account.
The surface eﬀect of polarization becomes impor-
tant when the thickness of ferroelectric thin ﬁlm is small
and can not be ignored anymore. The intrinsic surface
eﬀect of polarization could be included in the phase ﬁeld
model by giving appropriate boundary conditions of po-
larization. The boundary condition for polarization, P ,
can be given by the formula of dP/dn = −P/δ,[16,17]
where n refers to a unit length in the outward normal
direction of the surface and δ is the so-called extrapo-
lation length, which is introduced to describe the dif-
ference of polarizations on the surface and the interior
of the material. Polarization is reduced at the surface
when the extrapolation length is positive or zero, while
polarization is enhanced on the surface when the ex-
trapolation length is negative. Therefore, the value of
the extrapolation length determines the intrinsic size
eﬀect of polarization. When the extrapolation length
equals zero, polarizations are completely suppressed, i.e.
P=0, at the surface, which is called the zero boundary
condition.[18] In this letter, the zero boundary condition
for polarization is applied on the surface of the ferroelec-
tric thin ﬁlm. Based on the zero boundary condition of
polarization, a phase ﬁeld model is employed to study
the inﬂuence of the misﬁt strain on the ferroelectric and
dielectric properties in a PbTiO3 ultrathin ﬁlm grown
on thick elastic substrates. The PbTiO3 thin ﬁlm is as-
sumed to be constrained with the misﬁt strain of ε in
x1 axis, which is imposed by the substrate as shown in
Fig. 1. A Cartesian coordinator system is set up with
the x2 axis perpendicular to the ﬁlm/substrate inter-
face. The ﬁlm/substrate interface is coherent and the
external electric ﬁeld is applied in the thickness direc-
011003-2 J. Wang Theor. Appl. Mech. Lett. 1, 011003 (2011)
Fig. 1. Schematic illustration of misﬁt strain of ε in a
lead titanate thin ﬁlm coherently constrained by a thick sub-
strate. The polarization-induced elastic deformation of the
substrate in the area above the dot line is calculated in the
simulations and hs/hf = 0.6.
tion of the thin ﬁlm.
The phase ﬁeld model in the present work is based
on the model in the previous works.[19] The diﬀerence of
the present model from the previous one is that the mis-
ﬁt strain is applied in advance to the thin ﬁlm through
linear superposition. So the stresses σij in the present
model include two parts: one is related to the misﬁt
strain, the other is induced by the polarization via the
coupling between the polarization and the stress. In
the phase ﬁeld approach, the spontaneous polarization
Pi is taken to be the order parameter. The temporal
evolution of the polarization can be calculated from the
following time-dependent Ginzburg–Landau equation
∂Pi(r, t)
∂t
= −L δF
δPi(r, t)
, (i = 1, 2, 3), (1)
where L is the kinetic coeﬃcient, δF/δPi(r, t) repre-
sents the thermodynamic driving force for the spatial
and temporal evolutions of the simulated system, r de-
notes the spatial vector r = (x1, x2, x3), and t is time.
The total free energy F can be generally expressed as
F =
∫
V
[fLD(Pi, σij) + fG(Pi,j)
+ fdep(Pi, E
d
i ) + felec(Pi, E
a
i )]dV, (2)
where fLD(Pi, σij) = αiP
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2
i P
2
j P
2
k −
1/2sijklσijσkl −QijklσijPkPl is the standard Landau –
Devonshire energy density, αi is the dielectric stiﬀness,
αij and αijk are higher order dielectric stiﬀnesses, sijkl
are elastic constants and Qijkl are electrostrictive coef-
ﬁcients. fG(Pi,j) = 1/2gijkl(∂Pi/∂xj)(∂Pk/∂xl) is the
gradient energy density that gives the energy penalty
for spatially inhomogeneous polarization, in which gijkl
are the gradient coeﬃcients. fdep = −1/2(Ed1P1 +
Ed2P2 + E
d
3P3) represents the self-electrostatic energy
density, in which Edi is the depolarization ﬁeld induced
by the inhomogeneous polarization; and felec = −Eai Pi
denotes an additional electrical energy density due to
the external applied electric ﬁeld Eai . A detailed de-
scription for the terms of free energy in Eq. (2) and
the related coeﬃcients can be found in Ref. [19]. In
addition to Eq. (1), the mechanical equilibrium equa-
tion σij,j = 0 and the electrostatic equilibrium equa-
tion ε0(κ11∂
2ϕ/∂x21 + κ22∂
2ϕ/∂x22 + κ33∂
2ϕ/∂x23) =
∂P1/∂x1 + ∂P2/∂x2 + ∂P3/∂x3 must be satisﬁed for
a given polarization distribution, where ϕ is the elec-
trostatic potential, ε0 is the dielectric constant of a
vacuum and κij are the components of relative dielec-
tric constants of the material. The mechanical equilib-
rium equation is solved numerically by the ﬁnite element
method for a given polarization distribution.[19] The
electrostatic potential was obtained by using the ﬁnite
diﬀerence method for a given polarization distribution
and pre-described boundary conditions. In the electro-
static equilibrium equation, by assuming κij = 0 when
i = j, the relative dielectric constant matrix is diago-
nal. The ﬁnite diﬀerence method for spatial derivatives
and the fourth order Runge-Kutta method for temporal
derivatives was employed to solve Eq. (1) in real space
with the zero boundary condition.
Two-dimensional (2-D) simulations were conducted
in the present work although the methodology de-
scribed above can be applied to three-dimensional sim-
ulations. For a ﬁnite size 2-D ferroelectric thin ﬁlm
coherently constrained by an elastic substrate in Fig. 1,
the zero boundary condition for spontaneous polariza-
tions was adopted. This means P1 = 0 and P2 = 0
at the top surface and the interface, and the periodic
boundary condition was used in the x1 direction. The
zero boundary condition can explain some experimen-
tal observations[20] and has been used by other resear
chers for 2-D fully constrained ferroelectrics[21] and fer-
roelectric thin ﬁlms.[18] The substrate is assumed to be
inﬁnitely thick and much stiﬀer than the thin ﬁlm so
the thin ﬁlm assumption is valid for the ﬁlm/substrate
system. Under the thin ﬁlm assumption, the homoge-
neous misﬁt strains ε can be applied on the thin ﬁlm
via the substrate. In addition to the homogeneous mis-
ﬁt strains, there are inhomogeneous elastic strains in
the thin ﬁlm and substrate due to the inhomogeneous
polarization distribution. The elastic strains induced by
the polarization were calculated through a ﬁnite element
method. The polarization-induced elastic deformation
of the substrate in the area above the dot line in Fig. 1
was calculated in the simulations and hs/hf = 0.6. The
spontaneous polarization component, P3, and the elec-
tric ﬁeld component, E3, were treated as zeros in the
present simulations. For convenience, the same set of
dimensionless variables as Ref. [19] was employed. In
the simulations, the discrete grids were taken as 20 and
80 in the thickness direction and along the ﬁlm direc-
tion, respectively. The size of each grid was 0.8 nm.
At the beginning of the evolution, a Gaussian random
ﬂuctuation was introduced to initiate the spontaneous
polarization evolution process.
Polarization switching in ferroelectric thin ﬁlms can
induce nonlinear dielectric behaviors. In order to char-
acterize the ferroelectric and nonlinear dielectric behav-
iors of epitaxial PbTiO3 thin ﬁlms under diﬀerent misﬁt
strains, the polarization response of a thin ﬁlm to an ex-
ternal electric loading with a sine form was simulated
at room temperature. The external electric ﬁeld Ea2 is
applied along the thickness direction, i.e. the x2 -axis,
where a positive or negative electric ﬁeld meant that
the ﬁeld was parallel or anti-parallel to the x2-direction.
At each step i, the applied electric ﬁeld changed as a
sine function: Ea2 = 1.2 sin(2.5π i/10, 000). At each
applied electric ﬁeld, the simulated ferroelectric ﬁlm
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Fig. 2. Hysteresis loops in the lead titanate thin ﬁlm with
diﬀerent misﬁt strains.
was allowed to evolve one step with the step time of
Δt = 0.04. The average polarization along the x2 - di-
rection was taken as the macroscopic response of the
simulated ferroelectric thin ﬁlm.
Figure 2 shows the simulated hysteresis loops be-
tween the average polarization and applied electric ﬁeld
in the thickness direction for the PbTiO3 thin ﬁlm under
the misﬁt strains of ε = −0.01, 0 and 0.01. The charac-
teristic polarization and characteristic electric ﬁeld were
set as P0 = 0.757 cm
−2 and E0 = 1.3×108V/m, respec-
tively. The simulation results show that the compres-
sive strain of ε = −0.01 increase the coercive ﬁeld from
0.91 (without misﬁt strain) to 1.18, which is about 27%
larger than that of without misﬁt strain. Under the
compressive strain, the remanent polarization was also
larger than that of without misﬁt strain. Compared
to the case without misﬁt strain, the hysteresis loop
with compressive misﬁt strain became more rectangu-
lar, which is desirable for the application of ferroelectric
thin ﬁlms in random access memory devices. However,
the rectangularity of the hysteresis loop became worse
when a tensile misﬁt strain was applied, which is shown
by the curve with triangle dots in Fig. 2. The coer-
cive ﬁeld decreased from 0.91 to 0.46 and the remanent
polarization decreased from 0.84 to 0.47 when the mis-
ﬁt strain ε changed from zero to 0.01. The curves in
Fig. 3 shows that the inﬂuence of tensile misﬁt strain
on both the coercive ﬁeld and the remanent polarization
was larger than that of the compressive misﬁt strain.
These results may be attributed to the in-plane polar-
ization induced by the tensile misﬁt strain. The in-plane
polarization and the out-of-plane polarization formed
an a/c/a/c multi-domain structure, which is shown in
Fig. 3(a). The a/c/a/c multi-domain state made the po-
larization switching easier than the single domain state.
Figures 3(a)–3(d) show the polarization distribu-
tions of the ferroelectric thin ﬁlm under applied elec-
tric ﬁelds Ea/E0 of (a) 0.37, (b) −0.37, (c) −0.46 and
(d) −0.54, which correspond to points A, B, C, and
D in Fig. 2, respectively. From Figs. 3(a) and 3(b),
the a/c/a/c multi-domain state does not change too
much, but the size of c-domain reduces and the size
of a-domain increases. When the electric ﬁeld fur-
ther increased to 0.46, a-domains disappeared gradually
Fig. 3. The polarization distribution of the lead titanate
ﬁlm under applied electric ﬁelds Ea2/E0 of (a) 0.37, (b)
−0.37, (c) −0.46 and (d) −0.54, which correspond to points
A, B, C, and D in Fig. 2, respectively.
and the a/c/a/c multi-domain state became illegible as
shown in Fig. 3(c). The a/c/a/c multi-domain state
appeared again after polarization switching as shown in
Fig. 3(d). However, the a/c/a/c multi-domain state in
Fig. 3(d) is somewhat diﬀerent from the initial a/c/a/c
multi-domain state in Fig. 3(c) for domain walls. In
Fig. 3(d) the polarizations have a head-to-head or tail-
to-tail arrangement at the domain wall while the po-
larizations have a head-to-tail arrangement in Fig. 3(c).
The switching process given in Figs. 3(a)–3(d) is totally
diﬀerent from the switching process of single domain
state in the previous work,[19] in which the polarization
switching took place from the surface or interface by
antiparallel polarizations.
In general, there are two kinds of dielec-
tric constants for ferroelectric materials, linear and
nonlinear.[22] The linear, or reversible dielectric con-
stant is deﬁned by the slope of the P -E curve at the
origin under low levels of applied electric ﬁelds such
that no hysteresis loop is induced. The nonlinear or
irreversible dielectric constant is deﬁned as the slope
of the P -E hysteresis loop. In the present work, the
eﬀect of misﬁt strain on the nonlinear dielectric con-
stant was investigated. From the P -E hysteresis loops
under diﬀerent levels of misﬁt strains, the nonlinear di-
electric constants κn at room temperature was calcu-
lated and plotted in Fig. 4 as a function of the misﬁt
strain. The characteristic dielectric constant was set as
κ0 = 5.8 × 10−9 F/m. The curve in Fig.4 is the guide
for the eyes. The normalized nonlinear dielectric con-
stant increased from 0.011 to 0.143 when the compres-
sive misﬁt strain decreased from −0.01 to 0. The non-
linear dielectric constant further increases from 0.143 to
0.167 when the tensile misﬁt strain increased from zero
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Fig. 4. Dependence of nonlinear dielectric constant on misﬁt
strains at the remanent polarizations.
Fig. 5. Dependence of nonlinear dielectric constant on the
electric ﬁeld with and without misﬁt strains.
to 0.005. Figure 4 shows a big jump for the nonlinear
dielectric constant when the misﬁt strain changed from
0.005 to 0.01. The results suggest that a compressive
misﬁt strain decreases the nonlinear dielectric constant
while a tensile misﬁt strain increases the nonlinear di-
electric constant greatly. Two curves in Fig. 5 show
the dependences of nonlinear dielectric constant on the
electric ﬁeld in the thin ﬁlms with a misﬁt strain of 0.01
and without misﬁt strain, respectively. There are two
peaks in the curves for both cases, which correspond to
the coercive ﬁelds in Fig. 2. The electric ﬁeld, at which
the peak of the nonlinear dielectric constants is located,
shifts from 0.47 to 0.84 when the tensile misﬁt strain is
applied. Furthermore, the maximum nonlinear dielec-
tric constant in the thin ﬁlms with the misﬁt strain of
0.01 is about three times smaller than that of the thin
ﬁlms without misﬁt strain.
In summary, a phase ﬁeld model was employed to
study the inﬂuence of misﬁt strains on the ferroelec-
tric and nonlinear dielectric properties of epitaxial lead
titanate ultrathin ﬁlms, in which the surface eﬀect on
the polarization was taken into account. The simula-
tion results indicate that the compressive and tensile
misﬁt strains have diﬀerent inﬂuences on the coercive
ﬁeld and remanent polarization. The nonlinear dielec-
tric constants of thin ﬁlms with tensile misﬁt strains
were found to be much larger than that of thin ﬁlms
without misﬁt strains. This is attributed to the pres-
ence of the a/c/a/c multiple domains in the thin ﬁlm,
which made the polarization switching easier. The re-
sults in the present work suggest that misﬁt strains im-
posed by the substrates have the power to tailor the ma-
terial properties of lead titanate ultrathin ﬁlms, which
would allow us to control, modify and fully utilize the
properties by using diﬀerent substrates.
The author noted at the proof-reading stage that Li
et al. studied a diﬀerent material system in which the
eﬀect of misﬁt strain is diﬀerent.
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